Abstract. The paper discusses the Mixed-Integer Non-linear Programming (MINLP) of problems in civil engineering. The MINLP enables the optimization of continuous parameters simultaneously with discrete alternatives. While continuous parameters are in structural optimization structural costs, masses, loads, stresses, resistances and deflections, as well as the discrete alternatives are in most cases defined as different topologies, standard sizes and materials. The continuous parameters are in the models expressed by continuous variables, whilst the discrete alternatives by discrete (0-1) variables. The MINLP optimization of a structure is usually a comprehensive and highly non-linear calculation process. The MINLP approach requires that a structure is generated as an MINLP superstructure including a number of structure alternatives. One of them is the optimal one. For each optimization problem/structure, an MINLP optimization model of the structure must be developed, where the cost or mass objective function of the structure is subjected to structural analysis and dimensioning equality/inequality constraints. The Modified Outer-Approximation/Equality-Relaxation algorithm and a threephase MINLP strategy are applied. Three numerical examples, i.e. the MINLP optimization of a cantilever beam, composite floor and high-pressure penstock are presented at the end of the paper.
Introduction
The study handles the Mixed-Integer Non-Linear Programming (MINLP) of problems in civil engineering. The MINLP enables the optimization of discrete alternatives simultaneously with continuous parameters. It performs the discrete optimization of a number of structural elements (topology), standard dimension optimization (sizes), material optimization (grades) and rounded dimension optimization (dimensions are rounded explicitly on ten millimeters or round centimeters) simultaneously with the continuous optimization of a structure selfmanufacturing costs/mass, internal forces, resistances and deflections. For this reason, the MINLP optimization approach requires that a structure is generated as an MINLP superstructure, which comprises a number of structural alternatives, defined as a combination between various structural elements, discrete dimensions, materials and rounded dimensions. One of the defined structure alternatives is during the MINLP optimization process found as the optimal one.
For the MINLP optimization, an MINLP optimization model of a structure must be developed, see below the general model formulation MINLP-G. The model includes the structure cost or mass objective function obj, and structural analysis and dimensioning constraints q(x,y) 0. The latter are determined according to the known principles/rules of the mechanics and standards (Eurocodes). In order to perform the simultaneous continuous and discrete optimizations, continuous variables x and discrete (0-1) variables y are defined. In MINLP, at least one of the constraints or the objective function is nonlinear.
A number of algorithms were developed in the last three decades for the solution of MINLP problems: the GBD method by Benders [1] and Geoffrion [2] ; the NBB method by Beale [3] , and Gupta and Ravindran [4] ; the OA algorithm by Duran and Grossmann [5] ; the FT method by Mawengkang and Murtagh [6] ; the SLDP method by Olsen and Vanderplaats [7] , and Bremicker et al. [8] ; the LP/NLP BB method by Quesada and Grossmann [9] ; and the ECP method by Westerlund and Pettersson [10] .
The OA extension, the OuterApproximation/Equality Relaxation (OA/ER) algorithm, was later invented by Kocis and Grossmann [11] in order to calculate (non)linear equality constraints. Further extension, the Modified OA/ER algorithm was afterwards introduced in order to solve non-convex problems, see Kravanja and Grossmann [12] . This algorithm was adapted and applied in structural optimization by Kravanja et al. [13] [14] [15] . For fast calculations of problems, various multilevel MINLP strategies were developed. The strategies perform the optimization of sub-levels rather than the whole problem. Consequently, a lower number of discrete decisions and variables are used in each sub-level when compared to the entire problem. A three-phase MINLP optimization is proposed for structural optimization. The calculation begins with the continuous optimization. The first result is used as a starting point for the further second step, where the discrete optimization of material grades is executed (standard and rounded dimensions are still continuous). After the optimal grades are obtained, the overall discrete material, standard and rounded dimension optimization of a structure is calculated. In this way, the convergence is significantly accelerated. A more detailed information about the multilevel strategies are found in references [16, 17] .
A number of problems in the area of structural optimization were solved with the presented MINLP approach: e.g. hydraulic steel gates for dams and hydro-power plants by Kravanja et al. [15, 16] , steel and aluminum trusses by Šilih et al. [18] , timber truss structures by Šilih et al. [19, 20] , multi-storey steel frame buildings by Klanšek et al. [21] , single-storey industrial steel buildings by Kravanja and Žula [22] and Kravanja et al. [23] , composite I-beam structures from concrete and steel by Kravanja and Šilih [24] , Klanšek and Kravanja [25, 26] , Žula et al. [27] and Kravanja et al. [28] as well as timber-concrete composite floors by Jelušič and Kravanja [29] . A recent research work is also referred in the field of MINLP optimization of project schedules by Klanšek [30] and Cajzek and Klanšek [31] .
Three numerical examples are introduced in the paper in order to show the capabilities of the presented MINLP approach, i.e. the small optimization problem of a cantilever beam, the medium optimization problem of a composite floor and the large optimization problem of a high-pressure penstock. GAMS (General Algebraic Modelling System) by Brooke et al. [32] is used for modelling the optimization models. The MINLP optimizations are calculated by the computer program MIPSYN, the extension of PROSYN [12] and TOP [33] . GAMS/CONOPT4 (Generalized reduced-gradient method) [34] and GAMS/CPLEX 12.7 (Branch and Bound method) [35] solvers are used.
MINLP optimization of a cantilever beam (small problem)
The first example shows the MINLP optimization of a 3.50 m long laminated timber cantilever beam. The beam supports the self-weight, the uniformly distributed permanent load of 10 kN/m (g) and the uniformly distributed variable imposed load of 15 kN/m (q), see Figure 1 . Laminated timber GL24h is considered. Table 1 . The dimensioning constraints (shear, bending, the shear buckling and deflections) are determined in accordance with Eurocode 4 [37] . The minimal production costs of 86.11 EUR/m 2 are gained in the 3 rd MINLP iteration. All necessary material grades/strengths and standard dimensions are also calculated, see Figure 2 . The third example shows the optimization of the high-pressure steel penstock for the pumped storage hydroelectric power plant Kozjak, planned to be constructed 15 km far from the city of Maribor, Slovenia. The power plant includes already constructed water reservoir of 3 million m 3 . 2400 m long steel penstock will be constructed with the water head of 700 m.
MINLP optimization of a high-pressure penstock (large problem)
The preliminary calculations and the design for the power plant Kozjak were made by IBE Ljublana in 2011 [38] (the inclined penstock variants) and in 2012 [39] (the vertical penstock). Variants of the penstock were afterwards optimized, see Kravanja [40, 41] . The optimization model of the penstock includes the mass objective function of the longitudinal steel sections. The dimensioning constraints for the stability of the penstock are defined in accordance with C.E.C.T. Recommendations [42] including the internal and external water pressure load cases. The dynamic effect of the water hammer is taken into consideration, too.
The structure of the special vertical variant consisting of the 784.06 m long and 743.10 m deep penstock is presented in Figure 3 . The presented variant in this paper comprises the steel pipe with stiffener rings, designed from three different steel grades: S 355, S 460 and S 690. While the upper part of the penstock which is loaded with minimal water pressure is designed from mild steel S 355, the lower part loaded with a maximal pressure is proposed to be constructed from high-strength steel S 690. Highstrength steel S 460 is used for the middle pipe part. The minimal penstock mass of 2947.90 tons is calculated including the pipe thicknesses t from 10 to 61 mm, see Table 2 .
Summary
The study discusses the Mixed-Integer Non-linear Programming (MINLP) of problems in civil engineering. The MINLP performs the optimization of discrete alternatives simultaneously with continuous parameters of structures.
For each optimization problem/structure, a special MINLP superstructure is generated, constructed from various structure alternatives. The task of the optimization is to find a feasible and optimal structure within all alternatives. An extra MINLP optimization model is developed for each structure in GAMS (General Algebraic Modelling System) environment. In the model, the cost or mass objective function of a structure is defined, constrained to structural analysis and dimensioning constraints. The Modified OuterApproximation/Equality-Relaxation (the Modified OA/ER) algorithm, the three-phase MINLP optimization strategy and the computer program MIPSYN are used for the optimization.
Three numerical examples, i.e. the MINLP optimization of a timber cantilever beam, concretesteel composite floor and high-pressure steel penstock are presented at the chapters of the paper. It is proven that the MINLP optimization successfully solves large-scale non-linear and discrete optimization problems of structures in civil engineering.
